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Abstract. Estimates of the Bergman kernel and the Bergman and Kobayashi metrics 



1. Introduction 

In this paper we study boundary behavior of the Bergman kernel and invariant metrics 
on pseudoconvex domains near boundaries whose Levi-forms have constant ranks. Our 
main theorem can be stated as follows: 



Theorem 1.1. Let Q, CC C n be a pseudoconvex domain and let z° E b£l. Let 5{z) be the 
Euclidean distance to the boundary. Let Ku(z,z) be the Bergman kernel and let Fn{z,X) 
be either the Bergman or the Kobayashi metric. Assume that the boundary bfl is smooth in 
a neighborhood V of z° and its Levi- form has constant rank n — l — 1, < I < n — 1, for all 
z € V n bfl. Then there exist a neighborhood W CC V of z° and positive constants C\,Ci, 
and C3 such that 

cn 

and 



Cf 1 |<y(*)r (n ~' +1) < K n (z,z) < Ci|5(z)r (n - /+1) 
C 2 \M(z,X) + C 3 \X\ 2 ) < (F n (z,X)) 2 < C 2 (M{z,X) + C 3 \X 



2\ 



-.1,0/ 



for all z eWnCl andX E Tz' u (0), where 
^i M ^ x) JL s (zX)\ + [mz) ,X)\ 



\S(z)\ \S(z)? 

Limiting asymptotic behavior on smoothly bounded, strongly pseudoconvex domains in 
C n was obtained by Diederich [D] for the Bergman kernel and metric, and by Graham 
[G] for the Caratheodory and Kobayashi metrics. In a celebrated paper [Fej . Fefferman 
obtained asymptotic formulas for the Bergman kernel and metric and used them to establish 
smooth extension of biholomorphic maps. Fefferman type asymptotic expansions for the 
Caratheodory and Kobayashi metrics on strongly pseudoconvex domains were given in |F2] 
(see also [Maj for related results). Estimates for the Bergman kernel and the invariant 
metrics, in terms of big constants and small constants, were obtained by Catlin |C2] for 
smooth bounded pseudoconvex domains of finite type in C 2 and by J.-H. Chen [Ch] and 
McNeal [M] for convex domains of finite type in C n . We refer the reader to the monograph 
of Jarnicki and Pflug |JP] for extensive treatment on the subject. 
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Strong pseudoconvexity and Levi-flatness are in a sense at the opposite ends of pseudo- 
convexity. Theorem 11.11 shows that in terms of boundary behavior of the invariant metrics, 
these two types of domains bear striking resemblance. Our proof of Theorem 11.11 uses an 
idea of Catlin (see |C2j ): We construct plurisubharmonic functions whose complex Hes- 
sians blow up at the rate of l/5 2 (z) in the complex normal direction and at a rate of 
\Lg(z, X) | /§{z) in the complex tangential directions. To estimate the Kobayashi metric 
from below, we also use the Sibony metric [SJ. 

This paper is organized as follows. In Section [21 we recall the necessary definitions and 
basic properties of the Bergman kernel and the invariant metrics. In Section [31 we review 
the local foliation of a hypersurface with constant Levi rank and choose local holomorphic 
coordinates under which the defining function has a desirable form. Plurisubharmonic 
functions with large Hessians are constructed in Section |U Theorem 11.11 is proved in 
Section [5j 

Throughout the paper, we will use C to denote positive constants which may be different 
in different appearances. We will also use / > g to denote / > Cg where C is a constant 
independent of relevant parameters, and use A ~ B to denote A > B and B > A. 

2. Preliminaries 

Let Vt be a domain in C™ and let D be the unit disc. Let H(D, 0) be the set of holomorphic 
maps from ID into £1. Let z £ S7 and let X = YH=iXid/dzi € T z ' (f2). (We sometimes 
identify T z ' (f2) with C n without explicit notices.) The Kobayashi metric is given by 

Fg(z,X) = inf {1/A; / € #(B,O),/(0) = z,f'(0) = XX,X>0}. 

Let A 2 (£l) be the space of square-integrable holomorphic functions on $7. The Bergman 
kernel (on the diagonal) and metric can be defined via the following extremal properties: 

K(z,z)=sup{\f(z)\ 2 ; /€ A(Q),\\f\\ L 2 < l} 
and 

P B f9 .n sup{|X/(z)|; / € A(n), f(z) = 0, ||/|| L2 < 1} 

Denote by S Z (Q) the class of functions u defined on Q, such that: (1) u is C 2 on a 
neighborhood of z S fi; (2) < u < 1 on £1 and u(z) = 0; and (3) logu is plurisubharmonic 
on Q. The Sibony metric [Sj is given by 



where 



Fi(z,X)=snp{(L u (z,X)) 1 / 2 ; u E S Z (Q) } 



M^Egg^- 



j,k=l 

The Bergman metric is a Kahler metric and the Kobayashi and Sibony metrics are 
Finsler metrics. Note that while the Kobayashi metric is always upper semi-continuous 
([Rl Prop. 3 on p. 129], the Sibony metric is not, even for a domain of holomorphy (see |JP[ 
Example 4.2.10]). Both the Kobayashi and Sibony metrics are identical to the Poincare 
metric on the unit disk and satisfy the following length decreasing property: If $ : ill — > ^2 
is a holomorphic map, then 

Fc il (z,X)>F (h ($(z),$* z (X)). 



Furthermore, Fg(z,X) < Fg(z,X). 

Catlin [C2j constructed bounded plurisubharmonic functions with large Hessians and 
used them to estimate the Bergman kernel and invariant metrics for smooth bounded 
pseudoconvex domains of finite type in C 2 . The following theorem was proved by Catlin 
([C2j Theorem 6.1 and pp. 461-462]), using Hormander's L 2 -estimates for the 5-equation. 
We first fix some notations. Denote by D- J any mixed partial derivative in Zj and Zj of 
total order ay. For a = (ai, . . . , a n ), write D a (p = D" 1 ■ ■ ■ D" n 4>- 

Theorem 2.1 (Catlin). Let $7 CC C n be a smoothly bounded pseudoconvex domain and let 
2 £ A. Let /3i , /?2 , • • • > Pn be given positive numbers. Assume that there exists a function 
<p G C 3 (H) such that 

(1) \4>{z)\<l, for z en; 

(2) (j) is plurisubharmonic in fi; 

(3) P = {z£ C n ; \zj -Zj\</3j,l<j<n}cn; 

(4) for allzeP and X G C n , 

n \X I 2 

l+{z,x)>y i h£-\ 

3=1 P 3 

(5) for all a with \a\ < 3 and z G P, 

n 

\D a <t>{z)\ <Hr aj . 

Then there exists a positive constant C, independent of z, such that 



(2.1) 

and 

(2.2) 



n 1 n _. 

3=1 P 3 j=l P '-> 



c 



-1 



I Y I 2 

B 2 

j=l P 3 



£ 



1/2 

I n \Y I 2 



1/2 



The following proposition shows that same estimates also hold for the Kobayashi and 
Sibony metrics: 



Proposition 2.2. Let Q be a domain in C n and let z G $7. Lei (3i,/32,- 
positive numbers. Assume that there exists a function <p E C 2 (f2) sttc/i i/iai 

(1) |^)|<l,/orz€fi; 

(2) (j) is plurisubharmonic in £1; 

(3) P = {z£ C n ; |zj - %| < #,-, 1 < j < n} C O; 

(4) /or allzeP and X G C n ; 

71 IX I 2 
T/ien there exists a positive constant C, independent of z, such that 



,Pn 



given 



(2.3) 



|y-l 2 



i=i 



% 



1/2 

I n \Y-& 

<F n (z,X)<c{^ 1 ' 



U * 



1/2 
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where Fq is either the Kobayashi or the Sibony metric. 

Proof. It suffices to establish the upper bounded in (|2.3[) for the Kobayashi metric and 
the lower bound for the Sibony metric. The upper bound follows directly by comparing 
the Kobayashi metric on f2 with that on the polydisc P and using the length decreasing 
property. We now prove the lower bound for the Sibony metric, following [S]. 

Let x(t) : R + -> [0, 1] be a cut-off function such that x e C 2 (R + ), x(t) = t for t <G [0, 1/2], 
x{t) = 1 for t £ [1, oo), and x"(j>) — f° r t € M + . It is easy to see that there exists a 
positive constant a so that 

i(logx)"(i) + X '(t)>-a 

for t € [1/2, 1]. 
Let 



<?(*) = £- 



. 1 2 



and 



/3 2 

3=1 ^ 



«(*) = X{9{z)) exp(M(<t>(z) - 1)) 



where M is a large constant to be chosen. Then u(z) = and < u < 1 in $7. Evidently, 
logw is plurisubharmonic when g(z) < 1/2 or when g > 1. We now consider the case when 
1/2 < g(z) < 1. A simple computation yields that 

L\ ogu (z,X) = L logx ( g) (z,X) + ML< t> (z,X) 

= {\og X )"(g{z)) \(dg(z),X)\ 2 + (log x)'(g(z))L g (z,X) + ML^z, X). 

Since 

n \X I 2 

3=1 P J 



and 



it follows that 



n \X I 2 

i=i p i 



L logu (z,A)>(MC-Q)^^-' 1 



-* /3 2 ' 

where C is a positive constant. Choosing M > a/C, we then obtain that logu is plurisub- 
harmonic on Vt. From the definition of the Sibony metric, we then have 

n \X I 2 
(F n s (z,X)) 2 >exp(M(0(z)-l))^ ki| 



3=1 ^ 



> e- 2A/ £ |Xj 



/3 2 ' 

3=1 P 3 

We thus conclude the proof of (12. 3D . D 



3. Levi foliations of real hypersurfaces 

We first recall well-known facts about local foliations of hypersurfaces whose Levi form 
has constant rank, following [5J]. Let M be a smooth real hypersurface in C n . Let z° £ M 
and let r(z) be a local defining function of M on a neighborhood V of z°. The Levi rank 
of M at z°, denoted by R(M, z°), is the number of non-zero eigenvalues of the Levi form 

for X, Y £ T o (M). The Lewi nullspace J\f z o of M at z° is given by 

M z o = ix G T^°(M); L r (z°; X,Y)=0 for all Y G T^M)] . 

Thus i?(60, z ) = n— 1— dime A/^o. Note that both i?(60, z°) and dime A/^o are independent 
of the choices of the defining functions or local holomorphic coordinates. A complex foliation 
of (complex) codimension q of M D V is a set J 7 of complex submanifolds of V such that 
there exists a smooth map cr : V — > M 2g of rank 2q on M satisfying: 

(1) Mnv = {zeV; <n(z) = o} ; 

(2) 7 = U {M c ; c = (02, • • • ,c 2 ,) G M 2 ^ 1 }, where 

M c = {zeMn V; o-j(z) = cj, 2 < j < 2q} . 

Each M c is a leaf of the foliation. Note that J 7 is a complex foliation of codimension n — I 
of M n V defined by cr = (o\, . . . , o" 2 („_z)) ^ an d om y ^ f° r each z£Mn7, there exists a 
neighborhood U CV of z and holomorphic functions f n -l+i, ■ ■ ■ , fn on U such that 

(1) the map F = (ui, . . . , cr 2 ( n _;), / n _/ +1 , . . . , / n ) is a diffeomorphism from [/ onto an 
open subset W = I X I' x V^" of H x R 2 ("-0-i x C'; 

(2) G = F" 1 maps {0} X I' X W" onto MnU; 

(3) G c (-) = G(0,c, •) is holomorphic on W" for each c € I'. 

(See [Fr, Section 2].) The following theorem is well-known (cf. [El Theorem 6.1]): 

Theorem 3.1 (cf. |FrJ). Let M be a real hypersurface in C n . Suppose M has constant 
constant Levi rank n — I — 1. Then for each p £ M, there exists a neighborhood V of p 
and a unique complex foliation of codimension n — l of M C\V such that J\f z is the complex 
tangent space of leaves of the foliation. 

Let $7 CC C n be a domain and let z° £ bft. Assume that 60 is smooth in a neighborhood 
V of z° and that R(bU, z) = n - I - 1 for all z £ bVL n V. Let 

J — dist (z,b£i), z £ £1; 
j dist (z, bQ), z£TL. 

After a possible shrinking of V, we may assume that r(z) £ C°°(V). For z = (z%, . . . , z n ), 
we write z = (z 2 , ..., z n ), z' = (z 2 , ..., z n _ h ), and z" = (z n _; + i, ...,z n ). The following 
proposition is a variation of Lemma 3.3.2 in [CI]. 



Proposition 3.2. Let il CC C n be a pseudoconvex domain and let z° £ 60. Assume that 
60 is smooth in a neighborhood V of z° and that R(bft, z) = n — I — 1 for all z £ 60 n V. 
Then there exists a neighborhood U CC V of z° such that for each p £ 60 n U, there is a 
biholomorphism mapping £ = & p (z) from U onto the unit ball B(0, 1) that satisfies 
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(1) %{p) = 0; 

(2) <3? p depends smoothly on p; 

(3) & p (b£l n U) has a defining function of the form 

n—l 
(3.1) p(C) = Re Ci + £ ^IC/ + 0(IC'| 2 • IC'I + IC'I 3 + I Im Cil • ICI) 

near 0, where Xj, 2 < j < n — I, are positive constants depending smoothly on p. 

Proof. By Theorem 13.11 there exists a complex foliation T of codimension n — I for bVt n 
V. Assume that the foliation T is defined by a = (cri, . . . , cr 2 ( n _n). Then there exist a 
neighborhood [7 CC V of z° and holomorphic functions / n _/_i, • • • , f n on U such that 

(1) the map F = (<7i, . . . , o"2(n--0> f n -i+i, ■ ■ ■ , fn) is a diffeomorphism from J7 onto an 
open subset W = I X J' x W" of K x R 2 («-0-i x C'; 

(2) G = F- 1 maps {0} x I' x W" onto 60 n U; 

(3) G c {w") = G(0,c,w") is holomorphic on u;" = (w n -i+i,...,w n ) 6 PF" for each 

ce/'. 

For each z € V, we write c 2 = (o^O^), . . . , o"2(n-o( z ))- Since the rank of the matrix 



(dGk 



(0,c z o,w") 



\ OWj J l<k<n 

n — Z+l<j<n 

is I, we may assume without loss of generality that 

det(^(0,c z o,w")) ?Q. 

Y OWj J n-l + l<k<n 

n — Z + l<j<n 

After possible shrinking of U and W" , we have 

\OWj J n~l + l<k<n 

n — l-\-l<j<n 

for all p £ f7 n bQ. and it/' £ W". Therefore the map 

w" >->• (G n _j + i(0,cp,ttf"),... ,G n (0,Cp,u;")) 

is invertible on W". Let z" h-> (<jr n _j + i (z") , . . . ,g n (z")) be its inverse. Let £ = \Pp(z) be 
defined by 

£?' = z 3 ~ G j( Q i C P> 9n-l+i(z"), . . . , g n (z")), 1 < 3 < n - I, 

and 

£j = Zj, n — I + 1 < j < n. 

Then ^f p is a biholomorphic map from U into C n . After a rotation and a translation, we 
may assume that & p (p) = and the positive Re £i-axis is the outward normal direction at 
*&p(p) of ^ p (bQ n U). By the implicit function theorem, ty p (b£l n U) is defined by 

p(0 = Re 6 + /(£) + (Im £i)$(f,Im fr) 

for £ in a neighborhood C/i of 0, where 

M) = 0(|f| 2 ); 5(e,Im ei) = 0(||| + |Im 6|). 



From property (2) of G above and the definition of ^ p , we have 

{£ G U; £1 = • • • = U-i = 0} C § P (M7 n U). 
Therefore, /(0, £") = 0. Hence the complex Hessian of / at has the form 

( df(0) \ __(B A" 



\0Zj9ZjJ [ V (i 



(3.2) 

2<j,k<n 

where A is a (n — / — 1) x I matrix and B is a (n — I — 1) x (n — / — 1) matrix. 

It follows from the pseudo convexity of O that the matrix in (|3.2[) is positive semi-definite. 
Therefore, -B is also positive semi-definite and A = 0. After a unitary transformation in 
the (z2, ■ ■ ■ , 2J n _;)-variables, we may assume that 

/A 2 ... 
B= A 3 ... 

\0 ... A n _,, 

where \j, 2 < j < n — l, are positive constants. Thus the Taylor expansion of /(£) at has 
the form 

j=2 2<j,k<n-l ?J ?fc 

for £ near 0. 

Let C = ^ P (£) be defined by 

Ci - & + 2 2^ dfdK^k, 

2<j,k<n-l °^ 0l;k 

c = l 

Let $ p = $ p o $ p . Then 3> p (M7 n J7) has a defining function p(£) = p^" 1 ^)) of the form 

(3.3) p(C) = Re Ci + /(C) + (Im CiMC, Im Ci) 

near 0, where 

(3-4) /( C ~) = |^A,|0| 2 + O(!CT) 

j=2 

and 

(3.5) 5 (C,ImCi) = 0(|Cl + |ImCiD- 
The Taylor expansion of /(C) at (0, C") has the form 

/(0= E a£fe(°^)<& 

(3.6) " J " 2 

+ 2Re E ^-(Q'Ooa+odc'i 3 ) 

for C near 0. Comparing (13. 4p and (13. 6p . we have 
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and 



<hf -(o,c") = o(|C"l) 



d(jd(k 

for j, k € {2, . . . , n — I}, where Sjk = if j ^ k and Sjk = 1 if j = k. Thus it follows from 
lEPfll that 



n—l 

(3.7) /(0 = E A J loi 2 + o(ic , Mc' / i + ic , i 3 ). 

From (|3.3p . (|3.5p . and (|3.7j) . we then know that <3? p (of2 n U) has a defining function in the 
form of dO. D 



A boundary point p of O is called a local weak peak point if there exist a neighborhood C/p 
oip and a function / p holomorphic on Q.C\U P and continuous on Q(~\U P such that / p (p) = 1, 
|/ p (z)| < 1 for z£fln L/p, and |/«(^)| < 1 for z G f2 n t/p. The function f p is called a /oca/ 
weak peak function of at p. 

Corollary 3.3. Assume the same hypotheses as in Proposition ^. 2L Then each p Gififiy 
is a local weak peak point of Q . 

Proof. It follows from Proposition 13.21 that for any p S bVl n V, there exist a neighborhood 
Up of p and a biholomorphic mapping <3? p from U p onto -B(0, 1) such that 

$ p (n n C/ p ) n S(0, e ) C{(G S(0, e ); Re Ci - I Im Cil < 0} 
for a sufficiently small eo > 0. Let 

h(C) = exp(-(-Ci) 2 / 3 ) 

where the cubic root takes the principle branch by deleting the negative Re (j-axis. Let 
U p = $~ 1 (i?(0, £o)) H Up. Then f p (z) = h(3> p (z)) is a local weak peak function at p defined 
on Tin Up. □ 

Remark. Let O be a pseudoconvex domain with piecewise smooth boundary such that each 
piece has constant Levi rank. Then it follows from the localization and length decreasing 
properties of the Kobayashi metric ([R, p. 136]) and Corollary 13.31 that 0, is Kobayashi 
complete. This also follows from Theorem 11,11 (to be proved in Section [5|). 

4. Construction of plurisubharmonic functions with large Hessians 

We now turn to the construction of bounded plurisubharmonic functions with large 
Hessians near a piece of boundary that has constant Levi rank on a pseudoconvex domain 
Q. For 5, a > 0, and X £ <C n , let 

Ps,a = {C e C n ; |Ci| < a5, |0I < aS^, 2<j<n-l, 

\(j\ < a, n — l + l<j<n} 
and let 

I v |2 n ~ l ly |2 n 

j=2 j=n-l+l 

We will follow the notations in Section [3j For p € oil n U, let il p = $ p (fi n U). The 
following construction of plurisubharmonic functions with large Hessians plays a key role 
in this paper (compare |C21 Prop. 2.1]; also [S, Prop. 7]). 



Theorem 4.1. Assume the hypothesis of Proposition [37B . Let W CC U be a neighborhood 
of z°. Then for any p E bQ, n W and any sufficiently small 5, there exists a function 

g P) s £ C°°(0,p) and constants a,b,C and C a , independent of p and 5, such that 

(1) \g P ,s{z)\ < 1, z £ Q p ; 

(2) g p s is plurisubharmonic on VL p ; 

(3) for C € P 5 , a fc n n p and Y € C n , 

l /|<d P (C),y)| 2 ""' 



^ p .,(C,n>7; 



c I 



<s 2 



y |2 n 



31 I ' 



3=2 



j=n-/+l 



(4) for C <E P 5 ,afe n Op, 



-(«i+|E"=i«i) 



1^^(01 <c a <r 

to/iere D a = D* 1 ■ ■ ■ D^ . 

Proof. Let Xi(^) £ C°°(R) be a decreasing function with xi(t) = 1 for £ < ^ and Xi(^) = 
for t > 1. Let ^(C) be defined by 



M()=--xi[\u((,5) 



and let G p j be defined by 



G p ,s(C) = M0e% p{0 



where p(C) is the defining function obtained from Proposition 13.21 and M is a large constant 
to be chosen. 

For Y = (Y 1 ,...,Y n ) G C n , let 

J— z 

y* = y, 

and Y* = (Yj*,Y*). It follows from a direct calculation that 

5 



(4.1) 






+ t ^l p (c, n + ( T ) ^(0 l<ap(0, ^* x " ' 



It follows from (|3.1|) that when a is sufficiently small, 



dp 



(0 



1; 



9/3 



(0 



<<$3, 2<j<n-Z; 



dp 



(0 



< <J, n - / + 1 < j < n 



for C G P,5 j0 . Therefore 

(4.2) 



\(MC),Y* 



&«« 



\Yi\ 
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for £ G -P<j a . Furthermore, 

(4.3) l p (c, n > |y'| 2 - c (V'f + ^ 

for C e *V 

For the second term on the right hand side of (|4.ip . we have 



If- E ^(oiy^KWi - if -(Eft «W) ■ (£«>« 

j,k=l J j=l J 

(4.4) <Mf^ + M-2 (¥1- + |E"| 2 

for C G P 5]a . Combining (|4"Tj) - ([Op . we obtain 

(4-5) L Gm (C, y*) > ^f- + ^ - C\Y'f 

if ^(C) > j and M is sufficiently large. 

Let X2(t) G C°°(R) be a convex increasing function such that X^{t) = for t < ^ and 
X2(*) > 0, X2W > for t > i. Let g Pt s(() be defined by 

&,*(C) = X2 (G p ,s(()) . 

If C G ^p and G P)( s(C) > 7, then </\s(C) > \- Therefore it follows from (|4.5p that 

Ls P AC,Y*) = X2(G p ,s(0) \(dG P 4(),Y*)\ 2 + x 2 (G P 4())L Gp6 ((,Y*) 

/\Y,\ 2 \Y'\ 2 \ 

X2(G P ,s)[^-+ l -^-C\Y'fy 

If C G Ps,ab H & p and b is sufficiently small, then <^ P (C) = 1 and p(£) > —jm- Thus, 



( 46 ) > ,,„ JW , |y /rJ 



G ft j(C) = ef^ > e -| > 1. 



Therefore it follows from (14.61) that 



WCn > X 2 M) ( M + 1^ - C|E"| 2 



Let g p ,s(() = 5"(5p,<j(C) + C2 1 C 1 2 ) - Then when Ci and C2 are sufficiently large, g p ,s(() 
satisfies properties (l)-(4) of Theorem 14.11 D 



5. Proof of the main theorem 

We prove Theorem 11.11 in this section. Let p G bVt n W. Following the notations of 
Theorem 14.11 we write £l p = <3?p(f2 n f7). Denote 

Q 5 , c = {C G C n ; |Ci - c<5| < c 2 5, |C;| < c 2 c^, 2 < j < n - I, 

\(j\ < c 2 , n-l + 1 < j < n). 
It follows from (|3.ip that, when c and 5 are sufficiently small, 
(5.1) Qs,cCh p nP s ,ab- 



11 



It is easy to see that 

|2 <- \/a„ v\|2 , „/jriiv/|2 , riv//|2 



on Q<5 jC . Therefore, by choosing c sufficiently small, we have 

L gpS ((,Y)>u(Y,6). 
Applying Theorems 12.11 and 14.11 we have 

(5-2) KxfoXs) 



where £5 = (— cS, 0). 

Let p,5 = $~ 1 (C5)- Since |J$ p (p5)| w 1, it follows from the localization property of the 
Bergman kernel (see [01] ) and (|5.2p that 

Kn(ps,Ps) ~ K nnU (ps,ps) 

= K^(Cs,Cs)\J^ P (ps)\ 2 
1 



£n-Z+l ' 

when <5 is sufficiently small. By letting p vary on 60 n W for a small neighborhood W CC U 
of z° and letting 5 vary in (0, £o) for a sufficiently small £o > 0, we obtain the estimates for 
the Bergman kernel in Theorem ll.il 

Estimates for the Bergman and Kobayashi metrics are proved similarly as above by 
applying Theorem 14.11 Theorem 12.11 an d Proposition 12.21 We provide only the detail for 
the Kobayashi metric. Let Y = $ P *(X). By the localization property of the Kobayashi 
metric (see [RJ Lemma 2]), we have 

Fg( Ps ,X)* i Fg nU (p s ,X) 

(5 ' 3) =*£&, n 

It follows from (|5,ip . Proposition 12.21 and Theorem 14 . 1 1 that 

(5.4) (Fg p (( 5 ,Y)) 2 ^Lo(Y,6) 

for sufficiently small 5. 

From the definitions of <3? p and Y, it is easy to see that 



(5.5) W (y, 6) - C\X\* < ! °7' ;| + lx ,7°^, 2 71 < w(r, 5) + C|X 

for a sufficiently large C (cf. |F2j ). This concludes the proof of Theorem ll.il 



Remark. Theorem 11.11 gives the following characterization of Levi-flatness using the Bergman 
kernel and invariant metricaj: Let H CC C n be a pseudoconvex domain and let 5(z) be 
the Euclidean distance to 60. Assume that 60 is smooth in a neighborhood V of z° £- 60. 
Then 60 is Levi- flat near z° if and only if there exists a neighborhood W CC V of z° and 
a positive constant C such that either (|5.6p or (|5.7p below holds: 



(5.6) ^\5(z)r 2 <K n (z,z)<C\5(z)\- 2 : 



For the Bergman metric, this was an open problem in a recent paper of Ohsawa [Q21 Question 3]. 
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for all 2 € VFnfi and X G T z ' (0), where Ffj(z,X) is either the Bergman or the Kobayashi 
metric. 

The sufficiency is a special case of Theorem 11.11 To see the necessity, one observes that 
if bQ, is not Levi-flat near z°, then by a simple continuity and inductive argument on the 
Levi rank, z° is an accumulation point of boundary points z k such that b£l has constant 
Levi rank > 1 near each z k . We then arrive at a contradiction to Theoremll.il 
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